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ARITHMETIC OF MODULAR FORMS

SoYounag CHor*

ABSTRACT. We investigate congruence properties of Fourier coeffi-
cients of modular forms for T'd (2).

1. Introduction and statement of results

The congruence properties of modular forms were investigated by
many mathematicians. In particular, Choie, Kohnen and Ono [4|found
congruence properties of the coefficients of modular forms for SLo(Z).
Choi [1] generalized their result to modular forms for congruence sub-
groups. Let T'J (p) be the group generated by the Hecke group I'g(p)

and the Fricke involution W), = ( \(/)ﬁ 716‘/5 ) Choi [2] found some con-

gruence properties of coefficients of modular forms for F3(5). In this
paper, following the argument in [2, 4], we obtain congruence properties
of coefficients of modular forms for I'§ (2). The main result of this paper
is the following theorem.

THEOREM 1.1. Let k be a positive integer with k = 0 (mod 8). Let
f be a modular form of weight k for T'§ (2) having a Fourier expansion

of the form

f@) =3 apn)g",  (¢=¢),
n=0
Suppose that f(z) has integral Fourier coefficients. Then for any integer
b with 2° > k/8 4+ 1 we have

ap(2’) =0 (mod 2).
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2. Proof of Theorem 1.1

In this section we give a proof of Theorem 1.1. Let k£ > 2 be an
even integer. Let Ej be the normalized Eisenstein series of weight k for
SLy(Z) defined by

2k n TiZ
Ep(z) :=1- B, D okan)g" (=€),

n>1

where of_1(n) is the usual divisor sum of n and By is the k-th Bernoulli

number. Let
Ei(2) + 282 By (22)

1+ 2k/2
Then E; is a modular form of weight & for ' (2) (see [3]). For Dedekind
eta function n(z) = ¢"/CH T[22, (1 — ¢"), let
AF () = n(2)*n(22)° = ¢ = 8¢ + O(¢*).
Then AJ which is a cusp form of weight 8 for I'j (2) has no zeros on the

complex upper half plane and has integral coefficients (see [3]). We now
consider a hauptmodul for ' (2) defined by

Ef(2)? 1
-+ 4
= = -4+ 0(1).
Then j; has integral Fourier coefficients. Let r := k/8 + 1. We notice
—1djy(2) _ Eyy(2)
2t dz A (2)

Ef(z) =

and the functions
dy(z) 1 djy(z)™"
dz  m+1 dz
has zero constant term for each nonnegative integer m. Let b an integer
with 20 > r. Since ;

(J'SF)QLTW

is a polynomial in j; , by linearity we obtain that the constant term of
(j+)2b7r / idjj(z)
2 (A;)T—l 2w dz
is zero. Thus we have that the constant term of
-33f 1 djj (2) _ (P f 33E}(2)
A5y—tem de P (A AL

=M

J

. b_
(G)* "
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is zero (mod 2). Since
[ 33Ef(2)

G i At = D)

20y 33E14E)(Z>f
A7 (2)r
b+1_o
(Ei(2))*" ~*33E(2)
AF(202)
and 33E7(2) =1 = Ef (2) (mod 2), we have that the constant term of
b+1_op
(B (2))*" ~¥33E(2)
AT (2b2)
is congruent to the constant term of

/

_— d 2).

AT (2b2) (mod 2)

From the fact that 1/AF(2°2)
constant term of

[ (mod 2)

S

218+ O(q), we have that the

= q_
_f
AT (2)
is af(2°) + 8ay(0) which gives

ap(2’)=0 (mod 2).
This completes the proof of Theorem 1.1.

References

[1] D. Choi and Y. Choie, Linear relations among the Fourier coefficients of modular
forms on groups T'o(N) of genus zero and their applications, J. Math. Anal. Appl.
326 (2007), no. 1, 655-666.

[2] S. Choi, Congruence properties of coefficients of modular forms for TF(5), J.
Chungcheong Math. Soc. 26 (2013), no. 4, 923-926.

[3] S. Choi and C. H. Kim, Basis for the space of weakly holomorphic modular forms
in higher level cases, J. Number Theory, 133 (2013), 1300-1311.

[4] Y. Choie, W. Kohnen, and K. Ono, Linear relations between modular form co-
efficients and non-ordinary primes, Bull. London Math. Soc. 37 (2005), no. 3,
335-341.

*

Department of Mathematics Education and RINS
Gyeongsang National University

Jinju 52828, Republic of Korea

E-mail: mathsoyoung@gnu.ac.kr



